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Abstract: In this work, a general equivalent circuit model based on the carrier reservoir splitting
approach in high-performance multi-mode vertical-cavity surface-emitting lasers (VCSELs) is
presented. This model accurately describes the intrinsic dynamic behavior of these VCSELs for
the case where the lasing modes do not share a common carrier reservoir. Moreover, this circuit
model is derived from advanced multi-mode rate equations that take into account the effect of
spatial hole-burning, gain compression, and inhomogeneity in the carrier distribution between the
lasing mode ensembles. The validity of the model is confirmed through simulation of the intrinsic
modulation response of these lasers.
Keywords: high-speed VCSELs; multi-mode VCSELs; intrinsic laser dynamics; equivalent circuit
modeling; intrinsic modulation response
1. Introduction
Vertical-cavity surface-emitting lasers (VCSELs) offer an excellent solution for many high-speed
data communication challenges. Moreover, VCSELs have special features such as high integration
level, low electrical power consumption, low divergence angle, simple packaging, low fabrication
cost, high modulation speed at low currents, and good beam quality. These features led to the growth
of the VCSEL market for a wide variety of applications, which are not only limited to the field of
communications but also extends to consumer applications such as laser printers and optical mice [1,2].
Nowadays, despite the intensive research conducted to understand the underlying physics behind
the multi-mode (MM) behavior in oxide-confined MM VCSELs and their impact on the intrinsic laser
dynamics, many ambiguities still exist concerning the nature of the abnormal multi-peak phenomenon
and the notches occurring in the small-signal modulation response of these VCSELs. These multiple
local maxima which appear in their intrinsic dynamic response deviate substantially from the standard
single-mode (SM) model normally applied to characterize these MM devices. The measured total
small-signal modulation response of a laser is the result of the superposition of the intrinsic and the
extrinsic responses. The need to accurately de-embed and analyze the intrinsic laser dynamic behavior
of VCSELs becomes indispensable to understand and study their extrinsic chip behavior. However,
since the intrinsic response is attributed to the structure and geometry of the VCSEL intrinsic region and
lasing cavity, the only way to isolate its effects is by accurately modeling it. Hence, sufficient modeling
and accurate parameter extraction strategies are needed for a reliable de-embedding approach of each
of the intrinsic and extrinsic responses from the overall system response. This detailed understanding
of the VCSELs modulation response enables further optimization of these lasers for next generation
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high-speed devices. Furthermore, analyzing and modeling these lasers enable the enhancement and
optimization of their design and performance.
Recently, an advanced and accurate MM small-signal model, which is based on the carrier reservoir
splitting approach, was developed [3,4]. This rate equation-based model enables the extraction of
reliable information from the intrinsic dynamics of high-speed MM VCSELs, as it takes into account the
effect of spatial hole-burning (SHB), gain compression, and inhomogeneity in the carrier distribution
between the modes. Using these MM rate equations also ensures deeper understanding of the device
MM laser dynamics and gives a better access to the nonlinear modal competition behavior for the
carrier density in the active region for such high-performance VCSELs.
Accurate modeling is important for both device engineers and circuit designers. Device engineers
require a model that simulates complex physical phenomena, resulting in long and complex simulation
times, and circuit designers need a simple and relatively accurate model that can be implanted in
a circuit simulator and drivers with fast computational time. Hence, detailed analysis of VCSEL
operating characteristics is crucial to the design of high-speed optical links. Traditionally, the intrinsic
dynamics of a laser have been analyzed using a direct solution of the rate equations. This method
gives accurate results; however, it has some disadvantages as numerical optimization techniques
that minimizes the difference between measured and modeled data can vary depending upon the
optimization method and starting values and as the device–circuit interaction cannot be easily taken
into account [5]. An alternative approach to that of using the rate equations to model the VCSELs’
intrinsic dynamics is to transform these equations to an equivalent circuit model, in which electrical
components model the different physical effects that contribute to the overall system response [5–8].
This technique presents several advantages, including that the circuit model gives an intuitive idea
of the physics of the device and the modulation response and can be easily interfaced to the VCSEL
standard parasitic network [5,8].
Circuit modeling includes an electronic and an optical part and permits the optimization of the
devices’ dynamic characteristics including the device–circuit interaction, and performance can be
obtained using a general circuit simulator. For example, to improve the f 3dB intrinsic modulation
bandwidth of VCSELs, an intrinsic equivalent circuit model can be employed to accurately simulate the
dynamic behavior inside the laser cavity and to understand in depth the effect of each device physical
element on this intrinsic 3-dB frequency. Thus, using this advanced model and bearing in mind the
relation between the circuit elements and the real word physical device layout, various simulations
can be conducted by altering the values of some circuit components and by tracking the change
in the resulting intrinsic 3-dB bandwidth. It was noticed that, inside our latest generation of MM
VCSELs with highest carrier and photon densities, the common carrier reservoir splits up as a result of
numerous effects such as mode competition, carrier diffusion, and SHB. Besides the well-understood
mechanisms which control the strength and the form of relaxation oscillation frequency (e.g., carrier
diffusion, nonlinear gain suppression, and carrier transport effects), the contribution of codominant
higher-order modes is still under discussion. In general, these VCSELs are fabricated with a small
circular aperture diameter, allowing only few modes to rise under operation. Hence, most of these
transverse lasing modes are spatially localized in two main regions and therefore can be confined
either in the center of the active region or are localized more towards the peripheral boundary of the
carrier reservoir. Constituently, these lasing modes can be grouped into two mode ensembles: the
central mode ensemble and the peripheral mode ensemble. For SM VCSELs, the solution of the rate
equations is straight forward and the fitting procedure for parameter extraction is simple. For MM
VCSELS, however, and as shown in Reference [4], even for two-mode ensembles, the analysis becomes
very complex and the parameter extraction and development of an analytical intrinsic modulation
expression becomes rigorous.
In this work, a general compact and comprehensive equivalent circuit model for MM VCSELs,
which is based on our latest novel MM rate equations model, i.e., the carrier reservoir splitting approach,
is presented. This circuit model has all the advantages of simple and fast simulation procedures of
Photonics 2020, 7, 13 3 of 10
circuit modeling and still incorporates advanced features of lasing modes interactions given by the
advanced MM rate equations model. Most importantly, the proposed equivalent circuit model can
reproduce the delicate measured intrinsic modulation response. The validity of the model is confirmed
through simulations and plots of the intrinsic modulation response of a two-mode ensembles VCSEL
equivalent circuit model. These simulation results are later compared to the experimentally measured
intrinsic modulation response of our high-performance VCSELs.
2. Rate Equations
Small-signal advanced MM rate equations for high-speed MM VCSELs, which are based on mode
competition for carrier density in the active region, were recently developed [3,4]. In order to map these
rate equations to the proposed equivalent circuit model, we quickly review the different derivation
steps leading to the system’s intrinsic modulation response and interaction matrices. We first linearize
a system of differential equations that represent the rates of change in the carrier and photon reservoir
densities and rewrite them to get the rate coefficients above lasing threshold, which are
µNiNi = δJthi/δNi + vgaiSi (1)
µNiSi = vggthi − vgapiSi (2)
µSiNi = ΓivgaiSi (3)
µSiSi = ΓivgapiSi (4)
where i represents the ith mode in the corresponding carrier or photon reservoirs; gthi is the gain at
threshold; ai and api are the differential gain and the negative gain derivatives, respectively; Ni is the
carrier density; and Si is the photon density in the active region and the optical cavity. Moreover, Γi is
the confinement factor, vg is the group velocity, and Jthi is the carrier recombination density due to
spontaneous emission or losses. The system’s relaxation oscillation frequency ωRi and the damping
factor γi in terms of the simplified rate coefficients can be introduced as
ω2Ri = µNiNiµSiSi + µNiSiµSiNi (5)
γi = µNiNi + µSiSi (6)
For SM VCSELs, the resulting rate coefficients can be expressed in a matrix form as(
jω+ µNN µNS
−µSN jω+ µSS
)(
dN
dS
)
=
(
dJ
0
)
(7)
where J is the driving current density. For MM VCSELs, the matrix representation of the SM model can
be expanded to include the various interactions between the different carrier and photon reservoirs.
When expanded, the matrix representation for the case of two lasing modes ensembles, which is for
most purposes sufficient to describe the intrinsic dynamics of the reservoir splitting in MM VCSELs,
is expressed as
jω+ µN1N1 µN1N2 µN1S1 µN1S2
µN2N1 jω+ µN2N2 µN2S1 µN2S2
−µS1N1 0 jω+ µS1S1 0
0 −µS2N2 0 jω+ µS2S2


dN1
dN2
dS1
dS2
 =

dJ1
dJ2
0
0
 (8)
The interaction between the two carrier reservoir densities N1 and N2 can be written as shown
in Equations (9) and (10), where s12 and s21 represent the spatial dependency of the two interacting
carrier reservoirs.
µN1N2 = s21 · vgaS2 ' s21 · µN2N2 (9)
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µN2N1 = s12 · vgaS1 ' s12 · µN1N1 (10)
Similarly, the interaction coefficients representing cross reabsorption can be written as
µN1S2 = s21 · vgagth2 = s21 · µN2S2 (11)
µN2S1 = s12 · vgagth1 = s12 · µN1S1 (12)
For a system having any number of mode ensembles (m-mode ensembles), the matrix in
Equation (8) can be further expanded and generalized into the interaction matrix shown in Equation
(13). 
jω+ µN1N1 · · · µN1Nn µN1S1 · · · µN1Sn
...
. . .
...
...
. . .
...
µNnN1 · · · jω+ µNnNn µNnS1 · · · µNnSn
−µS1N1 · · · −µS1Nn jω+ µS1S1 · · · −µS1Sn
...
. . .
...
...
. . .
...
−µSnN1 · · · −µSnNn µSnS1 · · · jω+ µSnSn


dN1
...
dNn
dS1
...
dSn

=

dJ1
...
dJn
0
...
0

(13)
From the interaction matrices shown in Equations (7), (8) and (13), the intrinsic modulation
responses of SM and MM VCSELs can be obtained. These can be used to model the intrinsic dynamics
of VCSELs, but for MM VCSELs, they can be quite complicated to solve analytically and require
either complex numerical calculations or the neglection of some minor physical effects. Alternatively,
equivalent circuit modeling, presented in Section 3, can be adopted.
3. Equivalent Circuit Modeling
3.1. Review on the Single Mode Model
The standard equivalent electrical circuit model of a SM (single-mode) VCSEL intrinsic dynamic
operation is shown in Figure 1, which is well established and can be found in different literatures [5,8].
This model can be easily integrated into the small-signal cascaded network model of the VCSEL diode
that includes the source, cables, submout parasitics, and laser chip parasitics that represent the extrinsic
laser dynamics (e.g., Figure 1 in Reference [8]). The different components in this circuit represent
different elements of the rate equations. For example, the capacitance C is the sum of the space-charge
capacitance of the heterojunction and the charge storage in the active layer. The small-signal photon
storage is modeled by the inductance L. The small-signal photon density is proportional to the current
over L and thus can be used as the output variable representing the optical output intensity. Using
the interaction matrix in Equation (7), the intrinsic modulation response for SM VCSELs, HSM(ω) is
found as
HSM(ω) =
hν
e
ηd
ω′R2
ω2R + jωγ−ω2
(14)
where ηd is the differential quantum efficiency andω
′
R
2 = vggthµSN. The relaxation oscillation frequency
ωR usually replaces ω′R for standard physical device parameters and is a common approximation for
the SM modulation approach [9]. By comparing the rate equation-based transfer function in Equation
(14) with the calculated electrical transfer function of the circuit model shown in Figure 1, the latter can
be written as
HSM,elec(ω) =
Iout
Iin
=
1/LC
1/LC+ R1b/LR1aC+ jω(1/R1aC+ R1b/L) −ω2 (15)
Comparing the two transfer functions, the interaction matrix in Equation (7) can be rewritten in
term of its electrical circuit model equivalent, and the equivalencies acquired can be used afterwards to
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develop the MM VCSEL equivalent circuit model. Equations (16a) and (16b) show the comparison
between the rate equation-based matrix and its electrical circuit model equivalent:(
jω+ µNN µNS
−µSN jω+ µSS
)(
dN
dS
)
=
(
dJ
0
)
(a)
l(
jω+ 1/R1aC 1/L
−1/C jω+ R1b/L
)(
Cvc/q
LiL/q
)
=
(
ηIdI/qVo
0
)
(b)
(16)
where ηI is the electrical efficiency, vc is the voltage over the capacitance, and iL the current in the
inductance. Moreover, ηIdI/Vo is represented by the current source Iso in Figure 1. Solving the matrix
in Equation (16b) leads to Equations (17) and (18):
jω
Cvc
q
+
vc
qR1a
+
iL
q
=
ηIdI
qVo
(17)
iL =
vc
R1b + jωL
(18)
Replacing iL in Equation (17), the node equation of the circuit shown in Figure 1 can be obtained as
vc jωC+
vc
R1a
+
vc
R1b + jωL
− ηIdI
Vo }
Iso
= 0 (19)
This SM model resembles a simple second-order low-pass filter. Moreover, in most literatures,
the adapted SM based equivalent circuit model can only reproduce a single resonance peak and thus
fails to replicate the delicate small-signal data (abnormal multi-peaks and the notches) of modern
high-speed MM VCSELs accurately.
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Figure 1. Standard equivalent electrical circuit model of a SM VCSEL intrinsic dynamic operation [5,8].
3.2. Two-Mode Model
To analyze the intrinsic behavior of high-performance MM VCSELs, a suitable equivalent circuit
model is developed. In this section, we derive this model for a MM VCSEL having two mode ensembles.
This model will be later expanded to comprise a system of any number of mode ensembles (Section 3.3).
Using the relations in Equations (9)–(12) and the equivalencies that were extracted from Equation (16),
the interaction matrix shown in Equation (8) is converted to its circuit model equivalent, shown in
Equation (20). 
jω+ 1R1aC1 s21 .
1
R2aC2
1
L1
s21 . 1L2
s12 . 1R1aC1 jω+
1
R2aC2
s12 . 1L1
1
L2
− 1C1 0 jω+
R1b
L1
0
0 − 1C2 0 jω+
R2b
L2


C1vc1
q
C2vc2
q
L1iL1
q
L2iL2
q
 =

ηIdI1
qVo1
ηIdI2
qVo2
0
0
 (20)
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Solving the matrix in Equation (20) leads to the following relations:
jω · C1vc1
q
+
vc1
R1aq
+ s21 · vc2R2aq +
iL1
q
+ s21 · iL2q =
ηIdI1
qVo1
(21)
jω · C1vc1
q
+
vc1
R1aq
+ s21 · vc2R2aq +
iL1
q
+ s21 · iL2q =
ηIdI1
qVo1
(22)
iL1 =
vc1
R1b + jωL1
(23)
iL2 =
vc2
R2b + jωL2
(24)
Replacing iL1 and iL2 in Equations (21) and (22), the node equations for the two-mode VCSEL
model can be obtained as shown in Equations (25) and (26).
s21
(
vc2
R2a
+
vc2
R2b + jωL2
)

I12
+ vc1 jωC1 +
vc1
R1a
+
vc1
R1b + jωL1
− ηIdI1
Vo1 }
Iso1
= 0 (25)
s12 ·
(
vc1
R1a
+
vc1
R1b + jωL1
)

I21
+ vc2 jωC2 +
vc2
R2a
+
vc2
R2b + jωL2
− ηIdI2
Vo2 }
Iso2
= 0 (26)
Using the node equations in Equations (25) and (26), the two-mode VCSEL equivalent circuit
model can be obtained, as shown in Figure 2. In this circuit, we can consider, just like in the SM
model, that Iso1 = ηIdI/Vo1 and Iso2 = ηIdI/Vo2 and that s21I12 and s12I21 are dependent current sources,
which represent the interaction of the two carrier reservoirs with each other. This is an important
aspect to consider, as it has been recently shown in MM VCSELs that the split carrier reservoirs of the
lasing mode ensembles overlap and impact each other [3,4].
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Figure 2. Equivalent electrical circuit model of a two-mode multi-mode VCSEL intrinsic
dynamic operation.
3.3. M-Mode Model
Similar to the two-mode model equivalent circuit analysis, the electrical circuit equivalent matrix,
shown in Equation (27), for a MM VCSEL with m-mode ensembles can be derived. From this matrix
representation, the set of node equations (grouped in Equation (28)) can be obtained, following the
same derivation procedure of the two-mode model case. Using these node equations, the m-mode
equivalent electrical circuit model, depicted in Figure 3, can be developed.
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
jω+ 1R1aC1 · · · sm1 · 1RmaCn 1L1 · · · sm1 · 1L1
...
. . .
...
...
. . .
...
s1m · 1R1aC1 · · · jω+ 1RmaCm s1m · 1L1 · · · 1Lm
− 1C1 · · · 0 jω+
R1b
L1
· · · 0
...
. . .
...
...
. . .
...
0 · · · − 1Cm 0 · · · jω+
Rmb
Ln


C1vc1
q
...
Cmvcm
q
L1iL1
q
...
LmiLm
q

=

ηidI1
qVo1
...
ηidIm
qVom
0
...
0

(27)
m∑
i=2
si1 ·
( vci
Ria
+ vciRib+ jωLi
)

I1i
+ vc1 jωC1 +
vc1
R1a
+ vc1R1b+ jωL1
− ηIdI1Vo1 }
Iso1
= 0
...
m−1∑
i=1
sim ·
( vci
Ria
+ vciRib+ jωLi
)

Imi
+ vcm jωCm +
vcm
Rma +
vcm
Rmb+ jωLm
− ηIdImVom }
Isom
= 0
(28)
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In order to derive the total small-signal modulation response HTOT(ω) of a MM VCSEL, its 
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network Hpar(ω). This extrinsic response was recently developed for high-performance MM VCSELs 
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4. Circuit Simulation Results
In order to derive the total small-signal modulation response HTOT(ω) of a MM VCSEL, its intrinsic
transfer function Hint(ω) is multiplied by the extrinsic transfer function of its parasitic network Hpar(ω).
This extrinsic response was recently developed for high-performance MM VCSELs [10]. In physical
real-world devices, the intrinsic dynamic behavior is usually embedded in such a cascaded network
that includes different parasitic elements, such as the submount and laser chip parasitics. The laser chip
parasitics, also called the extrinsic response, play one of the ost critical roles in limiting the intrinsic
modulation speed, as their low-pass filter characteristics shunts the modulation current outside the
active region at high frequencies and since the extrinsic response is attributed to the structure and
geometry of the VCSEL chip; the only way to isolate its effects is by modeling it with an electrical
equivalent circuit, of which electrical components represent the different physical effects that contribute
to the overall system response. Having an equivalent circuit for the intrinsic response, as shown in
this work, enables the combination of both the extrinsic and intrinsic modulation responses in the
overall cascaded network of the entire link. Figure 4 shows the calibrated total small-signal modulation
response of a 980-nm MM oxide-confined VCSEL with an aperture diameter of ~7 µm measured by a
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40-GHz vector network analyzer (VNA-HP8722C). The curves describe the measured total relative
modulation response data S21 for various driving currents at room temperature. The modulation
current is increased gradually up to 14 mA. Thermal rollover is reached at around 17 mA. The maximum
total 3-dB bandwidth of the device including chip parasitics is found to exceed 32 GHz at 14 mA.
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integrated in the overall system cascaded network. 
To validate the proposed MM equivalent circuit model, MATLAB Simulink® was used to 
compute the intrinsic modulation response of the two-mode ensembles VCSEL circuit model shown 
in Figure 2. Results are presented in Figure 5 for three different driving currents. The curves 
represent the pure intrinsic small-signal modulation response of a two-mode ensembles VCSEL. The 
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oxide-confined VCSEL with an aperture diameter of ~7 µm: The curves depict the measured relative
response data (S21) for various driving currents at room temperature.
In order to de-embed the pure intrinsic modulation response Hint(ω) from the total modulation
respo se, either the dir ct rate equations olution or the pro sed equivalent circuit model derived
in this work can b used. As shown in Reference [4], even th ugh it is ery accurate, the calculat
Hint(ω) is very complex to implement and an advanced fitting procedure is required to d termine its
physical pa ameters. Alternatively, the equivale t circuit model pres nted in this work has fewer
fitting par met rs compa ed to the rate equatio model on n sid , a d secondly, it can be easily
in egrated in the overall system cascad d netw rk.
To val date the proposed MM equivalent circuit model, MATLAB Simulink® was used to compute
the intrinsic modulation response of the two-mode ensembles VCSEL circuit mode shown in Figure 2.
Results are prese ted in Figure 5 for three differ nt driving currents. The curves represent the pure
i trinsic small-signal modulatio response of a two-mode ensembl s VCSEL. The values of the ci cuit
parameters used in his simul tion are shown in the inset of Figure 5. These are a set of possibl
mathema ical sol tions that were extracted fro fitting th intrinsic modulation response of the circuit
model into its me sured counterpart depic ed in Figure 4. The parameter n shown in the inset of
Figure 5 represents the injection current inhomogeneity factor, i.e., n and 1 − n are the fractions of the
injection carrier densities in each carrier reservoir, and values have been experimentally determined in
Reference [4] for different currents. In the model shown in Figure 2, this parameter will distribute the
total current on Iso1 and Iso2 accordingly. This represents the inhomogeneity in the injection current
distribution between the lasing mode ensembles. For the first two mode ensembles (LP01 and LP11),
s12 = 0.67 and s21 = 0.94 and were adopted from Reference [11]. At this point, it is important to
mention that the chip-parasitics Hpar(ω) need to be de-embedded from the total measured small-signal
modulation response before comparing it to the simulated pure intrinsic response shown in Figure 5.
As shown in Figure 5, the intrinsic small-signal modulation response replicates a typical MM VCSEL
intrinsic response with the multi-peaks and notches in the curves at low frequencies. It is worth noting
that the advanced circuit for a two-mode ensembles VCSEL depicted in Figure 2 shows a much more
Photonics 2020, 7, 13 9 of 10
realistic modulation response of MM VCSELs compared to using the SM VCSEL circuit in Figure 1,
which was traditionally used in various literatures. Using the SM intrinsic modulation response model
(Equation (14)) is acceptable as an approximation for low-speed MM VCSELs sharing the same carrier
reservoir. However, in high-speed and high-performance VCSELs, using this simple model gives rise
to a lot of discrepancies when modeling the intrinsic performance of these MM VCSELs [3,4].
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common carrier reservoir and was derived from advanced MM rate equations that take into account 
the effect of spatial hole-burning, gain compression, and inhomogeneity in the carrier distribution 
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5. Conclusions
In this study, a general, compact, and comprehensive equivalent circuit model based on the
carrier reservoir splitting appr ach and that accurately describes th intrinsic dynamic b havior of
MM VCSELs was presented. The mo el includes he case wh re the lasing modes do not sha e a
common carrier reservoir and was derived from advan ed MM ate equations that take i to account
the effect of spatial hole-burning, gain compression, and inhomogeneity in the carrier distribution
into the differen lasing modes. The validity of the model was confirmed through simulations of the
i trinsic modulation resp nse of a VCSEL having two lasing mode ensembles at different driving
cu rents compared to measured data. This model can be expande to includ any number of mode
ensembles. Mor over, thi equiv lent circuit model can be easily integrated i the overall system
ca caded network that repr sents the ext insic an intri sic dynamics of MM VCSELs.
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